In this paper we presented a new method (Eigen-Coordinates (ECs)) that can be used for calculations of the critical points (CPs) energy of the interband-transition edges of the heterostructures. This new method is more accurate and complete in comparison with conventional ones and has a wide range of application for the calculation of the fitting parameters related to nontrivial functions that initially have nonlinear fitting parameters that are difficult to evaluate. The new method was applied to determine the CPs energies from the dielectric functions of the MBE grown GaAs 1− P ternary alloys obtained using spectroscopic ellipsometry (SE) measurements at room temperature in the 0.5-5 eV photon energy region. The obtained results are in good agreement with the results of the other methods. 07.60.Fs, 81.15.Hi, 78.66.Fd, 73.61.Jc, 71.20 
Introduction
In the semiconductor heterostructures, the energy band E 1 E 0 and E 2 occur at the Λ, Γ and X valleys near the Brillouin zone boundary. The energy bands in the higher levels above E 0 , which occur at Γ points, are split due to spin-orbit interactions. Determining the energy band structure variations on alloy composition in heterostructures is important in the design of opto-electronic devices. The composition dependence of the higher energy gaps (named critical energy points) and spin-orbit splitting energy can be obtained by evaluation of the dielectric function (DF). The DFs and optical properties of the semiconductor structures can be obtained precisely by evaluation of spectroscopic ellipsometry (SE) measurements [1] [2] [3] [4] [5] . To determine the CP energies from DF for a layer or layered semiconductor structures several models were developed through Harmonic Oscillator Approximation (HOA) and Effective-Medium Approximation (EMA), which are reviewed in Ref. [6] . For analyzing the suitable CP energies for thick epitaxial layers, Yoon et al. suggested that the associated optical properties of the grown layer can be considered as the characteristics of bulk material, if the layer thickness is over the critical thickness [7] .
In our previous works, the CP energies of the GaAs 1− P /GaAs (100) ternary alloys were obtained by line-shape analysis on their dielectric functions. Alloy compositions of the alloys were determined using high resolution X-ray diffraction [1] . Also, a bowing parameter of the band gap energy was obtained from SE study due to disordered phosphorous content. In this paper we presented a new method that can be used for calculations of the critical points energies and the bowing parameter of band gap energy due to disordered phosphorous content of GaAs 1− P /GaAs (100) ternary alloys, which are grown by using MBE [1] . This new method enables transformation of a wide class of functions, initially containing a set of nonlinear fitting parameters, into a set of slope lines [8] . It is more accurate and complete in comparison with conventional methods and has a wide range of application for calculation of the fitting parameters related to nontrivial functions that initially have nonlinear fitting parameters that are difficult to evaluate. The detailed calculations are depicted in the Mathematical Appendix.
Experimental procedure
Semiconducting p-n junction GaAs 1− P ternary alloys (A1-A5) with different phosphorous contents on epiready n-GaAs (100) substrate were grown by using a solid source V80H-MBE system with continues growth method. The lattice-match structures were obtained by growing a 1 µm thick graded index n-GaAsP layer on n-GaAs buffer layer. The p-n junction structures were obtained by growing a thick p-GaAsP layer on a n-GaAsP layer as presented in Figure 1 , schematically. The growth procedure can be seen in Ref. [1] , in detail.
The dielectric functions of the structures were obtained by using the Jobin Yvon variable angle spectroscopic rotating analyzer ellipsometry, which has an energy resolution of 0.01 eV. The ellipsometric data were recorded in 0.5-5 eV photon energy region with 0.01 eV increments. The angle of incidence of the light beam was fixed at 70°on the surface of the samples. The SE measurements for the samples were made at room temperature under atmospheric conditions [1] . Before the measurements, the surface of the samples was cleaned using methanol to remove any contamination artifacts. Preceding the cleaning step, the sample was rinsed thoroughly in deionized water with a resistivity of 18 MΩ-cm.
Application of the ECs method for calculation of the CP energies

Eigen-Coordinates (ECs) method
The main question regarding ECs method is in what cases one can obtain the basic linear relationship (BLR) for the function that initially contains a set of nonlinear fitting parameters? If this procedure can be realized for a set of functions which initially contain nonlinear fitting parameters, then the nonlinear mean-square method can be reduced to the routine procedure which is known as the linear least square method (LLSM). This reduction is important because in many cases it provides the global fitting minima in the space of the fitting parameters. In order to obtain the positive answer it is necessary to obtain the corresponding differential equation that is satisfied by the chosen hypothesis. If the unknown parameters {C ( = 1 2 )} of the corresponding differential equation form a linear combination (the set of parameters can be related with initial set of parameters {A ( = 1 2 )} in a nonlinear way) then the answer for the question posed above is positive, and in other cases is negative. The basic principles of the ECs method are outlined in [8, 9] . The application in detection of impedances and dielectric spectroscopy can be found in references [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The reader can find some information about the application in recognition of different statistical distributions in [23] [24] [25] and to dynamical chaos in [26] . It is known that the complex reflectance ratio of the polarized light ρ = = tan(Ψ) ∆ is determined by the SE technique. Here, and are the reflection coefficient of the polarized light ( and refer to parallel and perpendicular to the plane of incidence, respectively) and Ψ and ∆ are ellipsometric data. The dielectric function ε = ε 1 + ε 2 (ε 1 and ε 2 are the real and imaginary part of the DF, respectively) of the sample was obtained by
where is angle of incidence of the light beam [2, 3, 27] . In this paper we used the ECs method to determine the suitable CP energies of the GaAsP ternary alloys from DF spectra, given by
where A is the amplitude, E is the photon energy, E is the critical point energy, Γ is the broadening factor and Φ is the excitonic phase angle. The exponent has the values of − 1 2 0 1 2 , and −1 for the one-dimensional, two-dimensional, three-dimensional, and excitonic critical points, respectively [1] [2] [3] [4] [5] . It is noted that C A Φ E and Γ are the fitting parameters. In the case of = 0, by applying the ECs method we obtained:
where
In addition we have:
, respectively. Finally, the parameters Γ and Φ have the following forms:
For the next case, = 0, we obtained the fitting parameters C A Φ E Γ by applying ECs method as follows:
and
Hence, the fitting parameters E Γ A and Φ can be obtained as
Results and discussions
In the present study, we suggested a new method that was used for calculations of the critical points energies and the bowing parameter of the band gap energy due to disordered phosphorous content of the MBE grown GaAs 1− P /GaAs (100) ternary alloys. In our previous works, the CP energies and band gap bowing parameter due to the disordered phosphorous in the layers of the structures were calculated by using a second derivative method [1, 5] : The second-derivative spectra (in Figure 3 in Ref. [ 
of the real parts of experimental DF were used to perform the line-shape analyses calculated numerically. The calculated second-derivative spectra were fitted to standard critical-point line shapes. The obtained best-fit critical point parameters E and Γ are listed in 5th and 7th column in Table 1 and presented in Figure 3a for comparison with results of this work. The alloy compositions of the compounds, taken from Ref. [1] , are also presented in Table 1 . SE measurements were performed in the photon energies range of 1.5-5 eV with 0.01 eV increment at the room temperature for 70°angle of incidence. The recorded real parts of DF's spectra ε 1 of GaAs 1− P alloys (A1-A5) containing different P content are shown in Figure 2a . The measured imaginary ε 2 and real parts ε 1 of the DF of sample A2 are represented in Figure 2b as an example. More explanations of these spectra can be seen in Ref. [1, 5] . As clearly seen in Figure 2a , the peaks corresponding to the absorption edge in the real part of the DFs are shifted to higher energies with increasing P content in the alloys. The shifting for the fundamental band E 0 is denoted by arrows in Figure 2a . It is well known that the intensity of the E 2 transition energy is reduced due to the oxide layer on the surface. The surfaces of the samples were not chemically etched, since the etching of the surface to remove the oxide overlayer can cause roughness of surface. However, the E 2 transition energy was observed clearly and was well resolved as seen Figure 2 . In the imaginary part of the DF ε 2 spectra, four main peaks were observed as seen in solid line in Figure 2b , which correspond to the CP energies of the interband-transition
, and E 2 respectively. The fundamental absorption edge (band gap) E 0 is located at the Γ-point in Brillouin zone. E 1 and E 1 + ∆ 1 transitions take place at the Λ-line in Brillouin zone. The ∆ 1 is correspondent to the spin-orbit splitting in band at Λ-line. E 0 and E 2 is correspondent to the transition energy near Γ-point and X-point in the Brillouin zone, respectively. The CP energies of samples may be estimated from experimental ε 2 spectra. As these data are not correspondent to accurate CP energies, several analyzing models had been developed in order to obtain accurate CPs from pure ellipsometric data [28] . Using the measured real part of the DF data which are given Figure 2a , values of the critical point energy E , the broadening factor Γ and the excitonic phase angle Φ, and also amplitude A of the DF against the concentration in the alloys, can be calculated with the help of expressions (5, 6) and (10, 11) . The calculated results using ECs method are presented in Table 1 and also shown on Figure 3b. As seen in Table 1 , the obtained values of CPs energies using ECs method were in good agreement with the ones calculated by line shape analysis (LSA) method including the evaluations of the second derivative of the DF of the GaAsP heterostructures. The broadenings of the CP energies, calculated with these two methods, increases with increasing phosphorous composition as seen in the Table 1 and in Figure 4 . The increase in broadening can be explained by alloy scattering, statistical fluctuations, and large-scale compositional variations [1, 30] . The values of the broadening factor in case of the ECs method are bigger than obtained by LSA method. This may be explained with capability of noise reduction of the ECs method. Also, the line broadening of the E 0 and E 2 transitions could be calculated by ECs method although there were difficulties to obtain them with LSA method for these samples. In comparing Figure 3a and 3b, it can be seen that the change of the CP energies, obtained using LSA method (including second derivative) in our previous work [1] and the ECs method, versus P composition in the samples, have a similar trend. Also, as seen in Figure 3b , the bowing parameter (b) for the fundamental transition energy E 0 has been found as 0.218 eV. The bowing of the band gap energy is due to disordered phosphorous content in the ternary alloy. Obtained bowing parameter using ECs methods is very close to the value of the obtained second derivative method [1] as seen in Figure 3a , and also to the reported theoretical and experimental values [29] . 
Basic conclusions
We presented a new method that can be used for calculation of the critical points energies and the bowing parameter of the band gap energy due to disordered phosphorous content of the GaAs 1− P /GaAs (100) ternary alloys, which are grown by using MBE. Here, we also want to stress the importance of applications of the original ECs method for calculation of the critical points. The traditional method [1] related to calculation of the critical points is based on the calculation of the second derivatives from Equation (1) and subsequent fitting realized with the necessary polynomials depending on the order . But this method is not free from uncontrollable errors related to calculation of the second derivative, subsequent smoothing and fitting of the noisy data that also contain the uncontrollable errors. The new method can be considered as alternative to the conventional method and has the following advantages:
1. It does not use any derivatives and the derivative operation in some cases is replaced by integration (that can be considered as the natural smoothing procedure).
2. The basic linear relationship that is mathematically equivalent to initial functions in Equation (1) helps to find the global fitting minima including the values of the critical points. This important feature undoubtedly increases the level of significance in calculation of the critical points. 
Appendix A: Mathematical appendix
The application of the ECs method to our problem is explained in detail below. We present two cases, namely when = 0 and = 0.
Case 1
The starting point is the expression of
The photon energy E can be modified experimentally. The fitting parameters are C A Φ E Γ.
Our aim is to linearize the expression of (A1), where ε ≡ + , where = ε and = ε. By using Φ = cos Φ + sin Φ we obtain
and θ = arctan Γ E − E As a result we obtain
Finally, we identify the real and the imaginary part of ε(E) as
By taking the derivative with respect with to E we obtain
Finally we obtain:
We can write that ln =
Let us make the following notations = A ln and = Aθ. As a result we obtain
By using the Cramer's method we obtain the following solutions
(A17) At this stage we take the derivatives of and with respect to E and we obtain
From (A18) and (A19) we obtain
As a result we get
Taking into account that
we conclude that All terms containing E 0 and 0 are constants and we include them to which denotes the average of the error subtraction. Therefore, we obtain
Taking into account that Y is of the form
By identification we obtain the constants C and X as given below
We notice that E is very important in finding the critical point. We can solve the system of equations with respect with the fitting parameters and we obtain the following results E = C 
The constants are given by
We observe that 
